IMMERSE 2005
Analysis Problem Set 5

1. Prove that the three characterizations given in class of a continuous function are equiv-
alent.

Recall that the characterizations are:

(1) f:(X,p) — (Y,d) is continuous on X (this is the e-§ definition).
(2) fFYV)={x e X : f(z) €V} isopenin X for each open set V in Y.

(3) For each sequence {z,};2; C X converging to = € X, we have {f(x,)},>, converges to f(z) € Y.

Proof. [(1) = (2)] Suppose that f is continuous, and let U be open in Y. Fix a € f~!(U). Since U is open
in Y, and since U contains u = f(a), there is an € > 0 for which B.(f(a)) C U. Since f is continuous at
a, there is a § > 0 for which p(z, a) < ¢ implies d(f(z), f(a)) <e. Le., f(Bs(a)NX) C B.(f(a)) CU. So,
f~Y(U) contains Bjs(a) N X. In particular, f~!(U) contains an open ball about a; since a was arbitrary
in f~1(U), we have that f~(U) is open.

[(2) = (1)] Fix a € X, and € > 0. Using U = B.(f(a)), we have that f~'(U) is open in X and contains
a. So there is a § > 0 such that Bs(a) N X C f~1(U). Le., p(z,a) < & implies d(f(x), f(a)) < e. Thus,
f is continuous at a.

[(1) = (3)] Suppose f is continuous on X, fix € > 0, and suppose that {z,,}>>, converges to x in X.
Since f is continuous at x, we have that p(a,z) < ¢ implies d(f(a), f(z)) < e. Now, there is an N € N
for which n > N implies p(zp,z) < ¢, in turn implying d(f(z,), f(z)) < e. Thus, {f(x,)}o2; converges
to f(z) in (Y, d).

[(3) = (1)] Suppose that (1) is false, and fix a € X. So there is an € > 0 such that for each 6 > 0, there
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is an = € X with p(z,a) < d yet d(f(x), f(a)) > e. Taking § = —, there is an z,, € X with p(z,,a) < —,
n n

vet d(f(xn), f(a)) > €. So {x,}o2, converges to a in (X, p), yet {f(xn)}o2; fails to converge to f(a) in
(Y,d). Thus, (3) is false.

O

2. Let (X,p) be a metric space and let (V,|| - ||) be a normed vector space. Let C,(X,V) be
the vector space of all bounded continuous functions f: X — V. Prove that

[flloe = sup{[lf(@)]lv : x € X}
is a norm on Cy(X,V).
The only property worth showing is the triangle inequality. Let f,g € Cp(X, V).

1f + glloo = sup{[[f(x) + g(x)[|v : x € X} <sup{[[f(@)]lv + [lg(x)]lv : z € X}
<sup{[|f(@)llv s € X} +sup{[lg(@)]lv : 2 € X} = [[flloc + ll9lloo-

The other properties follow directly from properties of the norm on V.
3. For each of the following statements, prove the statement or find a counterexample which

disproves it. In each part, f is a continuous function from a metric space (X, p) to a metric
space (Y,0).



(a) If C is compact in X, then f(C) is compact in Y.
(b) If C is connected, then f(C) is connected in Y.

(¢) If C is path connected in X, then f(C) is path connected in Y.

Solution:

(a) This is true: Let {y,} be a sequence in f(C). We will show that this sequence contains a convergent
subsequence:

Let {x,} be such that for all i € N z; € C, and f(x;) = y;. Then since C' is compact, there is a sub-
sequence {z,,} C C converging to z € C. Consider {y,} = {f(z},)}, a subsequence of {y,}. Since
f is continuous, lim y,, = lim f(z}) = f(z) € f(C). Thus {y,} has a convergent subsequence,

and we’re done.

(b) This is true: Say f(C) is disconnected, then there is a separation A, B of f(C).

Consider A" = f~1(A)NC, B' = f~1(B) N C. We will show that these form a separation of C,
establishing a contradiction.

CCFYfC)=fYAUB) = f (AU f(B). Thus A/ UB =C.

ANB =0 If d = lima), is a limit point of A’ then since f is continuous we have
n—oo

a = lim f(a)) = f(d') is a limit point of A. Since AN B = (), a ¢ B. Thus a’ ¢ f~'(B).
Thus A’ N B’ = (. Similarly, AN B’ =0

(c¢) Thisis true. Let f(a), f(b) € f(C) where a,b € C. Since C is path connected, there is a continuous
path p: [0,1] — C with p(0) = a, and p(1) = b. Composition of continuous function is continuous,
so g := f opis a continuous function from [0, 1] to f(C). Furthermore, g(0) = f(p(0)) = f(a), and
g9(1) = f(p(1)) = f(b). Thus any two points in f(C) are connected by a continuous path through
f(C), and we’re done.

4. Let A C X be path connected. Is A necessarily path connected?
1

Solution: No. Let A be the following subset of R*: A = {(x,sin ~) : z € (0,27]}. Then, since 4 is
x

1
generated by the image of f(x) = sin — on (0, 7], and since f(z) is continuous on such an interval, A is
x

path-connected.

However, we have

A=Al J0y) : yel[-1,1]}

So, A is the topologist’s sine curve, and is not path-connected. To see that this is so, suppose the contrary
were true. Then there would exist a path between (0,0) and (1,sin(1)) = u. So there is a continuous
function v(t) = (x(t),y(t)) : [0,1] — R? such that f(0) = u and f(1) = (0,0). Choose t; € (0,1) such



1
that y(t;) = —1 and x(t1) < 1. Choose t2 > t; in (1/2,1) such that y(t2) = 1 and z(t2) < 7 Tterating
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this procedure, choose t,, > t,41 in (L, 1) with y(t,) = (—-1)" and z(¢t,) < —. Then as n — oo,
n n

z(t,) — 0 yet y(t,) fails to converge. Since f(t) = (x(t),y(t)) is continuous on [0,1] if and only if x(¢)
and y(t) are both continuous on [0, 1], we see that because of the {y(t,)}, f(t) is not continuous at t = 1,
since f(1) = (0,0).

Thus, the topologist’s sine curve cannot be path connected.

5. Given f,g continuous real-valued functions on a metric space (X, p), prove that f +g, |f|,
max{f,g}, and fg are continuous.

f + g is continuous: Let x € X. Let ¢ > 0 be given. There is §; such that for all a € X with
p(z,a) < 0y implies that |f(z) — f(a)| < % There is a similar d,.

Set 6 = min{dy,d,}, then for all a with | — a| < §, we have that |(f + ¢)(z) — (f + ¢)(a)] =
[f(@)+g(x) = (f(a)+9(a)| = |f(z) = fla) +g(x) —g(a)| < |f(x) = fla)|+]g(x) —g(a)] < %JFE

= €.
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|f| is continuous: We will first need a little fact: Let r, s be real numbers. Then |r| = |r — s+ s| <
|r — s| +|s|. Thus |r| —|s| < |r—s|. Similarly |s| — |r| < |s—r| = |r—s|. Thus ||r| —|s|]| < |r —s|.

Let z € X. Let € > 0. There is ¢ such that for all @ € X with p(z,a) < ¢ implies that
[f(z) = f(a)| < e Then [[f(2)] = |f(a)]| < |f(z) - fla)] <e

f(@) + g(x) +[f(x) — g(z)]
2

max{f, g} is continuous: max{f(x),g(z)} = which is continuous by the

two problems above.

fg is continuous: Let z € X, and € > 0 be given.

There is d; so that for all a € Bs, (), |g(x) — g(a)| < 1.

€
There is 5 so that for all @ € Bs,(x),|f(z) — f(a)| < =———=

€
There is d3 so that for all a € Bs,(x), |¢g(x) — g(a)| < ————

Let 6 = min{d1,d2,93}. Then for all a € Bs(x) we have

F@)g(@) - F@g@)] = [f@)gle) - F)gla) + F@)gla) — F(a)g(a)]
— [F(o)9(@) - 9(0)) + 9(@)(f (&) — F{a))
< [F@)llge) - g(@)| + |9(@)ilf () - F(a)
< [F@lola) - g(@)l + (9@ + D17 (w) ~ £(0)
< M@l T W@ Dyper
< 543



6. Let (X,d;) and (Y,d2) be metric spaces. For (z1,y1), (z2,y2) € X x Y, define

Pa((T1,1), (T2,92)) = di (w1, 22) + d2(y1, y2)
pu((x1,21), (22,92)) = [dy (21, 22) + da(y1, y2)*]"/?
pe((w1,91), (T2, y2)) = max{di(z1,z2), d2(y1,y2)}

Under each of these metrics, show that the functions f(z,y) = 2 and f(z,y) = y are continuous
from X xY to X and X xY to Y, respectively.

Proof. By symmetry we assume that f(z,y) = x. Also recall the inequality that says for a,b > 0, we have
max{a, b} < [a® 4 b?*]V/? < a+b.

This follows from the £ embeddings and the sequence (a,b,0,0, ...) € £*.

With this setup, let (z1,41), (2, y2) € X xY such that pe((z1,31), (x2,y2)) < € for the desired £ = a, b, c.
Then

di(f(z1, 1), f(@2,92)) = di(21,22) < pe((z1,91), (22,92)) < po((z1,91), (22, y2))
< pa((71,91), (22,92)) <€

Therefore f is continuous for each of these metrics on X x Y. O

7. Construct a function f : R> — R? such that f is not continuous at (0,0), but for every
straight line L through (0,0) in R?, f|; (the function f restricted to L) is continuous at (0,0).
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=y
Let g(z,y) = { 24 + 42’ (,9) # (0,0).
0, (z,y) = (0,0)
Then for m € R\ {0} and (z, mx) # (0,0), we have

mx 3 mx

9(z,mz) = 2 - m2a? | 22+ m2

to show that g|L is continuous at (0,0). It is even easier to show for m = 0 with the same limit 0 at
(0,0).

1’4

Note that f 0 N —— =,
ote that for z # 0, g(x, x*) porar

to get the desired result.

= g isnot continuous at (0,0). Take f(z,y) = (9(z,y),0)

8. Let Cfa,b] be the continuous functions on the interval [a,b] C R. Suppose that f,g € C|a,b]
with f(z) < g(z) for all = € [a,b]. Is the set A= {h € C[a,b] : f(z) <h(z) <g(x) ¥ z € [a,b]} an
open ball in Cfa,b]?

Solution: We assume the use of || - ||s. First, notice that A is indeed an open set in C[a,b]. (One can
argue this just as we argued that the set B = {h € C[a,b] : h(z) > 0 on [a,b]} is open. We did this on
Problem Set 2, number 8.)

However, A need not be an open ball*. Let f and g be given by:

g(z) = 1 (the constant function)



if = €[0,1/2]
if z € [1/2,1]

f(m)Z{

If A were, in this case, an open ball, we would have A = B,.(k) for some r > 0 in R and k(z) € C[0,1].
U=l

N =S

Since g—e and f+earein Afor all 0 < € < ||f — g]|co, it follows that we must have r >

1
r>—-.
-2
1
Hence, on [1/2,1], since f < k < g and [k — f|loo < 50 we have that f,g € B,>1/2(k).

1
Let a(z) € C[0, 1] be defined by «a(z) = 3 (the constant function). Then a(z) € B,>1/2(k), yet a(z) € A.
So A # B,>1/2(k), which is a contradiction. Thus, for this choice of f and g, A is not an open ball.

! However, A might be an open ball. For example, if g(z) = f(x) 4+ 1, then A is an open ball of radius

1 1
2 centered at f(z) + 3



