IMMERSE 2005
Analysis Problem Set 4

1. Let (X, p) be a metric space.

p(z,y)
1+ p(z,y)
First, if p1(z,y) = 0, then p(z,y) = 0 implies £ = y. On the other hand, if z = y, then p;(z,2) =

p(z, )
1+ p(z, x)
The symmetry of p;(z,y) follows from the symmetry of p(z,y).

(a) For z,y € X, define p;(z,y) = . Prove that p; is also a metric on X.

= 0. And the non-negativity of p(z,y) implies the non-negativity of p1(z,y).

Now, we address the triangle inequality. Let z,y,z € X, and suppose that p(z,y)p(x, 2)p(z,y) # 0.
(If any of p(z,y),p(x,z) or p(z,y) is zero, the triangle inequality holds trivially.) Now, suppose that

pl(xvy) > pl(Z,Z) + pl(zay) Thena

p(z,y) p(x, 2) p(2,9)
1+ p(z,y) = 1+p(z,2)  1+p(z,9)

and multiplying through by (1 + p(x,y))(1 4+ p(x, 2))(1 + p(z,y)) (note this term is positive) we have

(1+ p(x,2)) (1 + p(z,9))p(z,y) > (1 + p(z,y))(1 + p(2,y)p(, 2) + (L + p(z,y)) (1 + p(, 2))p(2, ),

which after simplification and canceling like terms yields

p(x,y) > p(x, 2) + p(z,y) + 2p(z, 2)p(2, y)-

Since p is a metric on X, p satisfies the triangle inequality. So we have

p(x,z) + p(z,y) 2 p(z,y) > p(z, 2) + p(z,y) + 2p(z, 2)p(2,y),

implying p(z, 2)p(z,y) < 0, a contradiction. Thus, py satisfies the Triangle Inequality.
(b) For z,y € X, define py(z,y) = (p(z,y))?. Prove p, may or may not be a metric on X.
(i) p2 may not be a metric on X: Let p(z,y) = |z — y| be a metric on R. We show that ps(z,y) =

1 1
—,and z = 1 Then

(p(x,y))? = |z — y|? does not satisfy the Triangle Inequality. Let = = 0, y = 5

1 1

1 1
pQ(xuy) = Z > g = E + TG = pQ(va) "‘PQ(Zay)

(ii) p2 may be a metric on X: Let p(z,y) be the discrete metric on R:

1 ifx
p(w,y)={ 0 ifxi‘z

Then ps(z,y) = p(z,y), so in this case, ps is a metric on R.

2. Prove that a subset of a metric space is open if and only if it is a union of open balls.

Solution: Say we are working in the metric space (X, p).



= Let S C X be open. Then by definition for each x, there is €, > 0 such that B, (z) C S. = € B, (),
s0 S = U B, (), a union of open balls.
€S

& Say S = U B, (sx), a union of open balls. Let z € S. Then there is A € A such that x € B, (sy).
AEA
Let = ex — p(sx,z). We will show that B,.(z) C B, (sx) C S:

Let y € Br(z). Then p(y,sx) < p(y,z) + p(z,51) <1+ p(x,57) = ex — p(sx, ) + p(z,51) = €x.
Thus y € B, (sa), and we have the desired result. We’ve shown that every element in S is the
center of an open ball contained in S, so by definition, S is open.

3. Let (X, p) be a metric space.

a. Suppose that for some ¢ > 0, every open ball of radius ¢ in X has compact closure.
Show that X is complete.

Proof. Let {z,} be a Cauchy sequence in X. Then for e given in the statement of the problem,
there exists N € N such that for all m,n > N we have d(xy,,zy) < €. d(xn,z,) foralln > N =
{zn}n>n € Be(xy) which is compact. So there exists a subsequence z,,, — = € Be(2n).

It is left to show that {x,} converges to . Let § > 0 be given. As {z,} is Cauchy, there exists
M € N such that for all n,m > M, d(z,,z,) < §/2. Also since x,, — x, there exist x,, with
nj > M that satisfies d(xy;,x) < 0/2. Taking m := n; above, we have for all n > N, d(x,,z) <
d(Zp, Tn;) + d(Tn,, ) < 0.

O

b. Suppose that for each = € X, there is an open ¢ > 0 such that an open ball B.(z) has
compact closure. Show by means of an example that X need not be complete.

Let X = (0,00). Then for each x € X, B, /5(x) has compact closure yet {1/n} is a Cauchy sequence
in X that does not converge in X.

4. Let (X,p) be a metric space. For z,y € X, define py(z,y) = min{p(x,y),1}. Prove that
(X, po) is totally bounded if and only if (X, p) is totally bounded.

N
Proof. First consider when € € (0,1). Then B ,,(z) = Bc,(z) for all z € X = U Be po(xn) 2

n=1
N

X — U Bep(zn) 2 X.

n=1

— ) Assume € > 1 and (X, pg) is totally bounded. Then there exists a finite set {z,,}"_, such that
( ) y P y n=1

N N N
X c U Bl/2,p0(xn) = U B1/2,p(xn) c U Be,p(xn)'
n=1 n=1 n=1
(«<=) Assume € > 1. Then fix € X. Then d,,(z,y) < 1lforally e X = X C B, (). O



5. Let A be a subset of the complete metric space X. Prove that A is totally bounded if
and only if the closure of A is compact.

Solution: Set A be a subset of the complete metric space (X, p).

[<] Suppose that A is compact. Then it is sequentially compact, implying A is totally bounded. Since

A C A, A is therefore totally bounded. To see that this is so, note that since A is totally bounded,
n

for € > 0 there is a set {ay,...,a,} C A such that U Be (a;) 2 A. If a; € A— A for some i, then
i=1

B (a;) ﬂA # 0. Say b; € Be(a;) ﬂA for each i.
Claim: Be(b;) 2 B (a;) for each i € {1,...,n}. Proof of Claim. Suppose v € B¢ (a;) for some i. Then

€ €
p(7,bi) < p(7,ai) + plag, b)) < sts5=

Hence, v € Bc(a;).

Hence, having the claim, we have A C A C U s(a U B.(b;), where b; € A for each i. Thus, A is
i=1 i=1
totally bounded, as desired.

[=] Suppose that A is totally bounded. Now, A is closed, and closed subsets of complete metric spaces
are complete, so A is complete. Moreover, since A is totally bounded, 80 to is A. To see this, let € > 0.
Since A is totally bounded, there is a set {a1,...,a,} C A such that U Be(a;) 2 A.

i=1

Now, suppose a € A. Then if a ¢ A, there is a sequence {b;}32, C A such that lim b; = a. Then there

12— 00

is an N € N for which p(b,,a) < % when n > N. In particular, since by € A, by € Bg(a;) for some

i €{1,...,n}. For such an i, we have

€ €
pla,a;) < pa,by) + p(bn, ai) < 5t5=

Thus, a € Bc(a;), and we conclude that A U . Thus, A is totally bounded.

So, since we have shown A to be complete and totally bounded, we conclude that A is compact, as
desired.

6.
(a) Find an example of a decreasing sequence A; O Ay O --- of closed connected subsets of R? such
that Ng>1 Ay is not connected.
(b) Let A1 D Az D -+ be a decreasing sequence of connected compact subsets of R™. Prove that
Ni>1Ag is connected.
Solution:

(a) Let I = (—1,1). Let R, =1 x (—n,n). Let A4, =R’>-R,. RiCRyC---,50 41 DA D>---. R,
is open, so A, is closed. A, is R? with a finite hole cut in the middle, so given z,y € R?, there is
a path around the hole that connects them. So A,, is path connected and therefore connected.



On the other hand let

A= Mp>1 A = {(z,y) ER*[z < —1or x > 1}
B :={(x,y) € R*lz < —1}
C = {(z,y) € R¥z > 1}

Then C, D form a separation of A: A=CUD,CND=CND=0,CND=CnND=.

Say that A = Ni>1 A4y, is disconnected. Then there is a separation B,C. We will show that B and
C' are closed:

Let b€ B. A= BUC. But A is compact, so A = A

= . BUC. Thus b € A, so either b € B or
beC.Butbe B,and BNC =0, s0be B. Thus B S

B. Similarly, C is closed as well.

Since B and C are closed sets of a compact subset of R", B and C are compact. Let r =
, )ian Cd(b, ¢). Certainly r is nonnegative. We show that r is strictly greater than 0:

€B, ce

If » = 0 then there is a sequence {(bn,c,) € B x C} such that lim d(b,,c,) = 0. But B and C

are compact, so there is a subsequence {(b/,, ¢, )} which converges to (b,c) € B x C. Let € > 0.

There is Ny such that for all n > Ny, d(b),,c),) < €/3. There is N; so that d(b,b],) < ¢/3 for all

n’-n

n > Np. There is N, such that d(c,c,) < €/3 for all n > N.. Let N = max{Ny, N, N.}. Then
d(b,c) < d(b,by)+dby, ) +d(cy,c) < §+ g —|—§ =e. d(b,c) < € for all positive ¢, so d(b, c) = 0.

Thus b = c¢. But this is a contradiction, since B and C' are disjoint.

Now, consider B’ = U B, /3(b), and C" = U B, 3(c).
beB ceC

We claim that B’ N C’ = (). Assume z € B’ N C’. Then there are b € B and € B’
with d(b',z) < r/3 and d(b',b) < r/3. There is also ¢ € C with d(z,c¢) < r/3. But then
d(b,c) < d(b,b') +d(V,z) + d(z,c) < r, a contradiction by the definition of r.

Similarly, B'NC’' =0

Now define A/, = A,,N(R"—(BUC)). BUC is open, so R"—(BUC) is closed. Thus A,N(R"—(BUC))
is closed and bounded. So A/, is compact. But A} D A, D --- . If A} is nonempty for all 4, then

o0
m A is nonempty:
i=1

Build a sequence {a],} by taking a; to be some element of A;. A} D A, D - so {a,} is in A],
which is compact, so there is a convergent subsequence {a,. }. Well, since a; comes from at least
the i'" term in {aj, }, then for all j > i, o/ € A]. Thus the tail of {a,} forms a Cauchy sequence in
Al. Since A} is compact, then [, the limit of {a] }, is in A} for all 7. Thus [ is in the intersection, so

o0
n Al is nonempty as desired.
i=1

So let @’ € ﬂ Al Well, @’ € A. But this is a contradiction, since A = BUC C B'UC’, and A;
i=1

is entirely outside of B’ U C’. Thus there is some empty A;. In other words, A; C B'UC’. But



consider A;NB’, A;,NC". A;NB'N(A;NC") C B'NC’" = §. Similarly, (4;NB')NA; NC" = (. Thus
if (A;NB")#0, and (A;NC") # 0, then A; N B’, A; N C’ form a separation of A;, a contradiction
since A; is connected. Thus we must have A; C B’ or 4; € C’. WLOG A; C B’. Then A C B/,
and in particular, A N C = (), a contradiction since B, C form a separation of A. O



