Lecture notes for Section 7.5
Terminology and Principles:

1. A solution of a recurrence relation is a sequence ag, a1, as, as,---, and
this solution has an associated generating function

g(x) = ag + ayx + agx® + azx® + - - .

2. Using the recurrence relation, you can often solve for the function g(x).
Then writing your solution as a power series gives a solution of the
recurrence relation.

Example 1.

First, let’s look at a, = a,_1 + n?, a9 = 1. Note that the recurrence
relation is only valid when n > 1, since a_; isn’t defined.

Now, we let
g(x) = Z apx".
n=0

I want to use the recurrence relation to rewrite a,, in this expression, but
I can’t do this for the term ag. So, I'll bring it to the other side.

o0

glx)—1=g(x) —ay = Zanx”.

n=1

Now, I can use the recurrence relation to rewrite a,,.

o0

glx) —1= Z(an,l +n?)a",

n=1

Now, I'll break the sum up into two pieces:

glx)—1= (Z an_1$"> + <Z n%”)

Now, I'll shift indices with the left term on the right side of the equation, by
replacing the index n by n + 1 everywhere I see it:



(o] o
E E — E n+l __ § n
(07 1$ = G/(n+1) 1.’13' = Ap L =T Ap .
n=0 n=0

n+1=1

This is just xzg(z).
I also need to study the term Y °  n?z". Recall that ) 7 2" = 1, s0
taking the derivative of both sides, we get

1
Z”x =T

and taking the derivative again, we get

S o=
o (1 —2)?
= n 222
2 =" =
Adding these, we get
in%n B T n 222
o (1—2)2 (1—2x)*

Now, we put this all together:

x N 222
1—2)2 (1—2)%

g(x) =1 =xg(x) + (

So,
T 222
glr)(1—z)=1+ (1— )2 + (1 _x)B'
So, .
g(:n):m((l—x) + z(1 — x) + 22%) .
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Thus, we've found the generating function for the recurrence relation.
But we can simplify this:

1

g(x) = Ao (1 =3z + 32% — 2%) + (z — 2%) + 227)
1
=T (=2 +42° =2z +1).
Now,
1 4 5) 6
-1 2 3.,
e ) ()

so we get

g(x) = <1+ (?)x—l— (g):cQJr <§>I3+-~) (—2® +42® — 22+ 1)

This tells us that

o= () () () ()

It’s certainly a lot of work, but it gets the job done, and it’s more powerful
than any of the other techniques we’ve seen.

Example 2

n
Up = Ap-1+ ap2+2", a0 =a; = 1.

Let g(z) = >, anz". In order to apply the recurrence relation, we must
first remove the first two terms from the power series.

glx)—1—x= Zanx".
n=2
Now apply the recurrence relation
gx)—1—2= Z(a”—l + Gy +2")2"
n=2

o o o
= E Q12" + g Apo ™ + g 2" "
n=2 n=2 n=2
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Now, we need to make it so that the subscripts on the a terms are the same
as the exponents on the x terms:

T (Z an_lx”_l) + 22 (Z an_gx"_2> + Z(Qm)"
n=2 n=2 n=2
Now, we shift indices in the first two terms above:
T (Z anx"> + z° (Z anx”> + Z(Qx)"
n=1 n=0 n=2

Now, we rewrite the first two terms in terms of g(z):

w(g(x) —1) +23(g(x)) + Y _(22)"

Now, we turn our attention to the last term. Note that

o0}

1
2x)" = .
g( L g
So,
S = -
— 1—22
So, putting this all together, we get
1
g(x) —1—x=a(g(x) — 1) + 2°(g(x)) + T 95 1—2z.
So,
l—z—2%)=1 —x—1-2 .
g(x)(1 —x —z%) +z—z T+ 1o

Solving for g(z), we get

4a* — 2z +1
1—-22)(1—2—2?%)

g(z) = (



