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Introduction

In [1] Bass, Connell and Wright showed that it suffices to investigate the Jaco-
bian Conjecture for polynomial maps of the form x+ H with JH nilpotent (and
H homogeneous of degree 3). Studying these maps led various authors to the

following problem (see [4], [8], [9], [10]), where k is a field of characteristic zero.

(Homogeneous) Dependence Problem.
Let H = (Hy,...,Hy) € klx1,...,2,]" (homogeneous of degree d > 1) such
that JH is nilpotent and H(0) = 0. Does it follow that Hy,..., H, are linearly

dependent over k 7

It was shown in [1] that the answer is affirmative if rankJH < 1. In particular
this implies that the dependence problem has an affirmative answer if n = 2. If
H is homogeneous of degree 3 the case n = 3 was solved affirmatively by Wright
in [11] and the case n = 4 by Hubbers in [7]. Then in [5] (see also [6], Theorem
7.1.7) the second author found the first counterexample in dimension three (see
below). On the other hand, recently de Bondt and van den Essen showed in [2]
that in case n = 3 and H homogeneous of arbitrary degree d > 1, the answer
to the dependence problem is affirmative!

In this paper we study the inhomogeneous case in dimension three. More pre-
cisely we describe a large class of H with JH nilpotent and such that Hy, Ho, H3
are linearly independent over k. The surprising result is that, apart from a lin-
ear coordinate change, all these examples are essentialy of the same form as the
first counterexample (to the dependence problem) mentioned above.

Finally we would like to mention that very recently Michiel de Bondt [3] has
constructed counterexamples to the homogeneous dependence problem for all di-
mensions n > 5 ! So only in dimension 4 the homogeneous dependence problem

remains open.



1 Preliminaries on Nilpotent Jacobian Matrices

In this section we briefly recall some more or less known results on nilpotent
Jacobian matrices. Throughout this paper, k& denotes a field of characteristic 0
andn € Z7T.

It is well-known that a matrix N € M, (k) is nilpotent if and only if for each
1 < p < n the sum of all p x p principal minors of N equals zero (a p X p principal
minor of N is by definition the determinant of the submatrix of N obtained by
deleting n — p rows and n — p columns with the same index).

Now let Hy,...,H, € k[z] := k[z1,...,zy], the polynomial ring in n vari-
ables over k. Put H := (Hy, ..., H,) and let JH denote the Jacobian matrix of
H. The main problem in order to solve the Jacobian Conjecture is to describe
the nilpotent Jacobian matrices JH and to show that for such H the corre-
sponding polynomial map F' := z + H = (x1 + Hi,...,x, + Hy,) is invertible
over k. Obviously, if rank(JH) = 0 (where rank(JH) is the rank of the matrix
JH considered in M, (k(x))), i.e. JH = 0, then each H; belongs to k, which
implies that F' = x+ H is invertible over k. The following result is more involved

(see Essen[5, Theorem 7.1.7]).

Proposition 1.1 If JH is nilpotent and rank(JH) < 1, then there exists g €
k[z] such that H; € k[g] for all i. Furthermore, if H;(0) = 0 for all i, then there

erist ¢1,...,c, € k, not all zero, such that ctHy + -+ 4+ ¢, H, = 0.
Using this proposition, the following result is proved in [5, Theorem 7.2.25].

Theorem 1.1 Let A be a UFD of characteristic zero and H = (Hy, Hs) €
Alxq,z2)%. Then Jy, o, (H) is nilpotent if and only if H = (asf(a1z1 + aswa) +

c1, —a1 f(a1x1 + asxe) + ¢a) for some ay,as,c1,c0 € A and f(t) € Alt].

Corollary 1.1 Let H = (Hy, H2, H3) € k[z,y, 2]®. Assume that H(0) =0 and
H,, Hs, Hs are linearly dependent over k. Then JH 1is nilpotent if and only if
there exists T € Gls(k) such that

THT™! = (a2(2)f(a1(2)w+az(2)y) +e1(2), —ar(2) f (a1 (2)w+az(2)y) +e2(2), 0)



for some a;(z), c;(z) € k[z] and f(t) € k[Z][t].

Proof: Let cyHy + coHs + csHs = 0 with ¢; € k not all zero. We may assume
that ¢z # 0. Then putting

1 0 O
T= 0 1 0
C1 C2 C3

the last component of TH equals ¢1 Hy + coHy + csHs = 0. Hence THT ™! =
(h1, h2,0) for some h; € k[z][x,y]. One easily verifies that JH is nilpotent if
and only if J(hq, he, 0) is nilpotent if and only if J, ,(h1, h2) is nilpotent. Then
the result follows from Theorem 1.1 applied to A := kl[z]. ad

Corollary 1.2 Let H = (Hy, Ha, Hs3) € k[z, vy, 2]? with H(0) = 0 and rank(JH) <
1. If JH is nilpotent then H is of the form described in Corollary 1.1.

Proof: This follows from Proposition 1.1 and Corollary 1.1. a

It was conjectured for several years that the result obtained in Proposition
1.1 (in the case rank(JH) < 1) would hold in general i.e. that JH is nilpotent
together with H(0) = 0 would imply that Hy, ..., H, are linearly dependent
over k. However, the following counterexample was found by the second author

[6] (see also [5, Theorem 7.1.7]):
H=(y—2®z+2z(y — 2?),—(y — 2°)?)

Indeed, one easily verifies that JH is nilpotent, rank(JH) = 2 and Hy, Hy, H3
are linearly independent over k. Looking more closely at the example one ob-

serves that it has the special form

H = (u(z,y),v(2,y,2), h(u(z,y)))

In the next section we describe completely which of these maps have a nilpotent

Jacobian matrix.



2 Some Nilpotent Jacobians with Independent

Rows
In this section we classify all the polynomial mappings of the form

H = (u(z,y),v(2,y,2), h(u(z,y)))

for which the Jacobian matrix JH is nilpotent. Before we do this we make some
simple reductions. First we may assume that H(0) = 0 i.e. u(0,0) = v(0,0,0) =
0 and ~(0) = 0. Also by Proposition 1.1, we may assume that the components of
H are linearly independent over k, in particular i # 0. We may also assume that
K’ (0) = 0, for if p := h/(0) # 0, consider the linear map T'(z,y, z) = (z,y, 2 — px)
and put H := THT~'. This implies H = (u,v(z,y,z + pz), h(u)), where
h(t) :== h(t) — h/(0)t, so B’(0) = 0 and one easily verifies that JH is nilpotent
if and only if JH is nilpotent. In summary, we may assume h # 0, h(0) = 0,
h'(0) = 0 and deg, h > 2. In order to classify all mappings H of the above form

it remains to prove the following result.

Theorem 2.1 Let H = (u(z,y),v(z,y, 2), h(u(z,y))). Assume that H(0) = 0,
K (0) = 0 and that the components of H are linearly independent over k (hence
h#0 and deg, h > 2). Then the following two statements are equivalent:

1. JH s nilpotent.

2. There exist vi, A € k*, by € k and g(t) € k[t] with g(0) = 0 and deg, g(t) >
1 such that u = g(y+b(x)), v = viz —b'(x)g(y + b(x)) and h = \t?, where
b(z) == v \2? + by .

Proof:

First observe that the first and the third row of JH are linearly dependent,
whence detJH = 0. So by the remark at the beginning of the previous section,
concerning the principal p X p minors of JH, we get that JH is nilpotent if and
only if

Uy + vy =0 (1)



and

UgUy — Uy = B (W)uyv, (2)

It is an easy exercise to verify that the formulas for w,v and h given in Statement
2 of Theorem 2.1 satisfy (1)—(2) which shows the implication Statement 2 —
Statement 1 of Theorem 2.1. Thus it remains to show that the implication
Statement 1 — Statement 2 holds.

Let v = v 2™ 4 - -+ + v12 + vy with v; € k[z,y] and v, # 0. Observe that
m > 1, for if m = 0 i.e. v, = 0, then both u and v belong to k[x,y], hence
(1)—-(2) show that J,,(u,v) is nilpotent. So by Proposition 1.1, v and v are
linearly dependent over k, a contradiction. This shows that m > 1. By (1) we
get that vy, = vy (2),...,v1 = vi(z) and voy = —Ug.

So vg = py and u = —p, for some p € k[z,y] with p(0) = 0. Now look at
the coefficient of 2™ in (2). This gives py,v,,(z) = 0. Observe that u, # 0 (for
otherwise by (2) ugv, = 0 which by (1) gives that also u, = 0 and hence both
uy and u, are zero, thus u = 0, a contradiction). So py, = —u, # 0, whence
v (x) =0 ie. vy, € k*.

Now we show that m = 1. Namely, assume that m > 2. Looking at the

coefficient of 2™~ in (2) gives that —uyv),_(z) = b/ (w)uymop, ie. v),_(z) =

—h/(u)muvp,. Since deg, h > 2 and u depends on y (u, # 0) the righthandside
of this equation depends on y, but the lefthandside does not, a contradiction.

So m = 1. Summarizing we get
U= —py, V=012 + Dy, withvi € k", p€klz,y], pyy #0 (3)
Substituting these formulas in (2) gives
_piy + PyyPaz = _h/(_py)pyyvl
so if we put G(t) := vih/(—t) we get
Piy — PraPyy = G(py)Pyy (4)

Write G = ¢, t" + -+ + c1t + ¢ with ¢; € k and ¢, # 0. Since deg, h > 2 it

follows that » > 1. Now we will show that » = 1. Therefore assume that r» > 2



and write p = p,(z)y™ + -+ - + po(x) with p, # 0 and p; € k[z] for all 4. Since
Pyy # 0, we have n > 2. Now look at the highest degree y term in (4). On the
righthandside we get

e (npay™ 1) n(n — Dppy™ =2 = con” T (n — D)plHlyrn-tin=2 (5)

On the lefthandside we get

N, n "

H? = phy"n(n = Dpay" T2 = (02 (p,)? = n(n — Vpapl)y*™ =2 (6)

(nply

Looking at the y-degree of these equations we get r(n—1)4+n—2 < 2n—2, so if
r > 3, then n < 3/2, a contradiction since n > 2. Since we assumed that r > 2
it remains to exclude the case r = 2. Then n < 2, and our earlier restriction

implies n = 2, so r = n = 2. Then (5)—(6) give

4(ph)* — 2papy = 8caps # 0. (7)

It follows that pf # 0, so d := deg,, p2(x) > 1. Finally, comparing the x-degrees
in (7) gives that 3d < 2(d—1) i.e. d < —2, a contradiction. So apparantly r = 1.
Hence deg, h = 2. Since h(0) = h/(0) = 0 we get h = \t? for some \ € k*. So
G(t) = vih/(—t) = —2v1 At and (4) becomes

pazcy — PaaPyy = —201ADyDyy (8)
To solve this equation we need

Lemma 2.1 Let u € k. Then p € k[x,y] with p(0) = 0 satisfies piy — DaaDyy =

UpyPyy if and only if
pla,y) = flarz + az(y — pa’®/2)) + crz + ca(y — pa®/2)
for some a;,c; € k and f(t) € k[t] with f(0) = 0.

Proof: Put p := p(x,y + px?/2). Then by the Chain rule one finds that
piy — PraPyy = UPyDyy if and only if ﬁiy — DzaPyy = 0. This last equation
is equivalent to J(py, —pPs) is nilpotent. By Theorem 1.1 it then follows that

Py = asf(a1z + azy) + ¢1 and —p, = —aq f(ar1x + azy) + ¢ for some a;, ¢; € k



and f(t) € k[t] with f(0) = 0. Consequently p = F(a1z + agy) — cox + 1Y,
where F'(t) = f(t) and F(0) = 0, which implies the lemma. O

Proof of theorem 2.1(completed)

From (8) and Lemma 2.1 (with u = —2v1\) we get that p = f(a12 + a2(y +
v1AT?)) + 12 + ca(y + v Ax?), for some a;, ¢; in k and f(t) € k[t] with f(0) =
0. Since u = —p, and u, # 0, it follows that as # 0 and f”(t) # 0 i.e.
deg, f > 2. Sou = —p, = —aaf'(az(y + viAz® + atx)) — co. Hence if we
put g(t) := —aaf’'(ast) — ca and b(z) := v \z? + o, then u = g(y + b(z))
with deg, g > 1. Since u(0,0) = 0 we get g(0) = 0. Also v = v1z + vg and
voy = —uy = = (2)g'(y + b(z)) whence vg = —b'(2)g(y + b(x)) + c(x) for some
c(z) € k[z]. Substituting these formulas into (2) and using that h = A\t we
obtain that ¢/(z) = 0 i.e. ¢ € k. Hence v(0,0,0) = 0 together with g(0) = 0
imply that ¢ =0, so vg = —V/(x)g(y + b(z)). Consequently

H = (g(y +b(x)),v12 = V' (x)g(y + b(x)), Mg(y + b(x)))?)

with b(z) = v1Az? + biz, by € k and deg, g > 1 as desired. This completes the

proof. O

3 The Magic Equations and an Extension of

Theorem 2.1

In the previous section we studied the case H = (u(z,y), v(z,y, 2), h(u(z,y))).
In this case the equations (1)—(2) describing the nilpotency of JH are relatively
simple. However, if we replace the third component of H by a polynomial in both
uw and v i.e. h(u(z,y),v(z,y,2)), then the equations describing the nilpotency
become more involved. In particular, the equation which expresses that the sum
of the 2 x 2 principal minors of JH is equal to zero is rather complicated.

The aim of this section is to replace these complicated equations by another

pair of much nicer (and useful) equations, which we call the magic equations.



They play a crucial role throughout this paper. As a first application we show

at the end of this section how they can be used to extend Theorem 2.1 to the

case H = (u(z, ), v(a, 9, 2), h(u(z, 1), v(z, 3, 2))).
Throughout this section we have the following notations: H = (u, v, h(u,v))
where u,v € klx,y, 2], h € k[s,t] and none of these polynomials has a constant

term. Instead of hs(u,v) and h(u,v) we write h,, and h, respectively.
Proposition 3.1 (Magic equations) If JH is nilpotent, then
(uzA+ v, B)hy = —(uz A+ v, B) (9)

(uzA+v.B)h, = —(uyA +v,B) (10)

where A = vgu, — uzv, and B 1= vyu, — uyv,. Conversely, if u,A+v,B #0

then (9)-(10) imply that JH is nilpotent.

Proof: Since the last row of JH is a linear combination of the first two rows, it
follows from the remark in the beginning of the first section that JH is nilpotent
if and only if both trace JH is zero and the sum of the 2 x 2 principal minors

of JH is zero. Writing these two conditions explicitly yields
Ug + Vy + hyuy + hyv, =0
and
(UgVy—Uy Uz ) FUg (R Uz F+hovs) =t (Rytg+hovs ) F0y (hy s+ eV, ) — v, (Ryty+hyvy) = 0.

Now consider both equations as linear equations in h, and h, and write them

in matrix form. This gives

hy Uy + 0
M = Y (11)
hy UgVy — Uy Uy
where
Uy Uy
M =

B -A



Observe that det M = —(u,A 4+ v,B). Then the proposition follows from
Cramer’s Rule.

O

So it remains to describe the situation when J H is nilpotent and u, A+v,B =

0. This is done in the next result.

Proposition 3.2 If JH is nilpotent and u, A+ v, B = 0 then rank(JH) < 1
(and hence by Proposition 1.1 Corollary 1.1 applies).

Proof: The assumption u,A 4+ v,B = 0 together with (9)—(10) imply that
UgA + v, B =0 and uyA + vy B = 0. So if not both A and B are zero it follows
that all the 2 x 2 minors of J(u,v) are zero which implies that this matrix has
rank less than or equal to one. Since the last row of JH is a linear combination
of the rows of J(u,v), we deduce that rank(JH) = rank(J(u,v)) < 1. Finally, if
both A and B are zero, then u,vy — u,v, = 0 (this follows from (11). So again
all 2 x 2 minors of J(u,v) are zero, which as above implies that rank(JH) < 1.

a

Corollary 3.1 In the remainder of this paper we may assume that u, A4+v,B #
0.

To conclude this section we show how Proposition 3.1 can be used to extend

Theorem 2.1. More precisely, we consider polynomial maps of the form

H = (u(z,y),v(2,y,2), h(u(z,y), v(z,y, 2)))

As in the previous section we may assume that H(0) = 0, h(0,0) = 0 and that
the linear part of h is zero (if h(u,v) = Aju + Av+ higher order terms, then
consider the linear map T'(z,y,2) = (x,y,2 — A1z — A2y) and replace H by
H = THT~'). Also by Corollary 1.1 we may assume that the components of

H are linearly independent over k. Now we will show

Proposition 3.3 Let H = (u(z,y),v(x,y,2), h(u(z,y),v(x,y,2))). Assume
that H(0) = 0, h has no linear part in u and v and the components of H

10



are linearly independent over k. If JH is nilpotent, then h, = 0 i.e. h depends
only on u (and Theorem 2.1 applies).

Proof: Observe that u, A + v, B # 0 (for otherwise rank(JH) < 1 by Propo-
sition 3.2 and hence the components of H are linearly dependent over k by
Proposition 1.1, a contradiction). Since u, = 0 this implies that v, # 0 and
B # 0. Furthermore A = —u,v, and B = —uyv,, whence u, # 0. Substituting
these formulas into (9)—(10) and dividing (9) by v, and (10) by v,u, we get

—v Uy hy = Uz + vguy, (12)

—Vhy = Uz + vy (13)

Now let h(u,v) = hy(u)v™ + - - - 4+ ho(u) with h; € k[u] and h,, # 0. We need to
show that n = 0, so assume n > 1. Since v, # 0 we have v = va2% + -+ U
with v; € k[x,y] for all ¢, d > 1, and vy # 0. The highest z-degree term on
the lefthandside of (13) equals (—dvgz?~1)(nh, (u)(vgz?)™=1). The highest z-
degree term on the righthandside of (13) equals vay2?. So we get (n — 1)d < 1.
Hence there are two cases, namely n = 2 and d = 1 and the case n = 1.

For the case n = 2 and d = 1, let h = ha(u)v? + hy(u)v + ho(u) with hg # 0
and v = v1z + vo with v; # 0. Looking at the z-coefficient in (13) we get
—v%2hs(u) = vy, which gives a contradiction looking at the y-degrees.

For the case n = 1, we have h = hy(u)v + ho(u) with hy # 0 and v =
vgz? 4 -+ vy with vg # 0 and d > 1. In (12) the highest degree z-term on the
lefthandside equals (—dvgz9~)u, b} (u)(vgz?), while the highest degree z-term
on the righthandside equals vdzzduy. If d > 2, then 2d — 1 > d, so we get that
hi(u) =0 (since u, # 0 and vg # 0). Since n = 1, hy # 0 whence h; € k*. But
then h = hyv+ho(u) has a non-trivial linear part, contradicting the hypotheses,
so d = 1. Setting equal the z-coefficients in (12) we get —viuyh}(u) = viguy,
whence —v?h) (u) = v, (since u, # 0). If b (u) # 0 we get a contradiction by
looking at the z-degrees. So h}(u) = 0 which again implies that hy € k* and
hence h is a non-trivial linear part, a contradiction. Thus the hypothesis n > 1

leads to a contradiction, hence n = 0 as desired.

11



4 Some special conditions on H

In this section we study some special conditions on H = (u, v, h(u,v)) that
enable us to describe all such H whose Jacobian matrix JH is nilpotent. By
Proposition 3.3 we may assume that both u, # 0 and v, # 0. The following

result may be viewed as another generalization of Theorem 2.1.

Proposition 4.1 Let H = (u(z,y, 2),v(z,y, 2), h(u(z,y, 2),v(x,y, 2))). As-
sume that H(0) = 0, h has no linear part in u or v and the components of
H are linearly independent over k. If JH is nilpotent and deg, hy, deg, h, =0
then there exists T € GL3(k) such that THT ™" is of the form described in
Theorem 2.1.

Proof: Since both h, and h, do not depend on z, differentiation of both

polynomials with respect to z gives

huuuz + huvvz = 07 hvuuz + hvuvz =0

2

Since not both u, and v, are zero it follows that Ayl — b,

» = 0, so by Lemma
2.1 (with p = 0) we get that h = f(aju+agv)+cirutcov for some ay, as,c1,c0 € k
and f(t) € k[t] with f(0) = 0. This implies h,, = a1 f'(a1u+ azv) 4+ ¢1 and h,, =
aa f'(a1u+azv)+cy. Since both h,, and h, do not depend on z the same holds for
a1 f'(a1u+tasv) and as f'(a;u+agv). Since not both a; and ag are zero (otherwise
h is linear, a contradiction) it follows that f’(aju + azv) does not depend on z.
Also f’ is not constant (otherwise again h is linear), so aju + agv € k[z,y]. If
az = 0then a; # 0, h = f(aju)+cru+cov and u € k[x,y]. Since h has no linear
part co = 0 i.e. h = f(aju) + ciu. Then we are in the situation of Theorem 2.1.
If as # 0 counsider the invertible linear map T'(z,y, z) = (a1x+ a2y, z, z), whence
TH = (a1u + agv,u, f(aru + azv) + cyu + cov). Using that aju + asv € kfz, y]

we get that THT ! = (u(z,y),0(z,y, 2), h(i@(x,y) + cv) for some @ € k[z,y],

12



v € klz,y,2], ¢ € k and h € k[t] with 2(0) = 0. Finally conjugating with
one more invertible linear map (if necessary) we can remove the linear part of

(@) + ¢v and arrive in the situation of Theorem 2.1, as desired. ad

Corollary 4.1 Let H = (u(z,y,2),v(x,y, 2), h(u(z,y, 2),v(z,y, 2))) such that
H(0) =0, h has no linear part and the components of H are linearly independent
over k. If JH is nilpotent and deg, uA # deg, vB then there exists T € GL3(k)
such that THT = is of the form described in Theorem 2.1.

Proof: Without loss of generality we may assume that deg, uA > deg, vB i.e.
deg, u+deg, A > deg, v+ deg, B. Consequently deg, u,A > deg, v, B, whence
deg,(u, A+ v,B) =deg, u,A. So by (9) we get

deg, hy, +deg, u+deg, A—1<deg,u+deg, A

whence deg, h, < 1. Similarly, using (10), we get deg, h, < 1.

Now assume that deg, h, = 1. Then deg,(u,A + v,B)h, = deg, uA. Since
deg, (uz A+ v, B) < deg, uA and deg, v, B < deg, v, + deg, B < deg, vB <
deg, uA it follows from (9) that the highest degree z-term of u,Ah, equals the
highest z-term of —ugzA. So if we write u = ugz® + - - - + ug with ug # 0, d > 1

and u; € klx,y] for all i, then we get dugh;z? = ug,z?

i.e. dughy = ugs, which
gives a contradiction by looking at the z-degrees. Consequently, deg, h,, = 0.
Similarly, using (10) we get deg, h, = 0. The result now follows from Theorem

4.1. O

Corollary 4.2 The study for which u,v € k[x,y, 2] and h € k[s, t] with u, # 0
and v, # 0 the Jacobian matriz of the map H = (u,v,h(u,v)) is nilpotent,

reduces to the case where deg, uA = deg, vB.

Acknowledgement: MC is grateful for being supported by a Harris Fellow-
ship from Grinnell College, a research leave which gave the time and financial

resources to visit AE during the spring of 2002.

13



References

[1]

H. Bass, E. Connell and D. Wright. The Jacobian Conjecture: reduction
of Degree and Formal Expansion of the Inverse. Bulletin of the American

Mathematical Society, 7 (1982). 287-330

M. de Bondt and A. van den Essen. The Jacobian Conjecture: linear trian-
gularization for homogeneous polynomial maps in dimension three. Report

0413, University of Nijmegen, The Netherlands, September 2004

M. de Bondt. Quasi-translations and counterezamples to the homogeneous

dependence problem. Journal of Algebra, (to appear)

A. Cima, A. Gasull and F. Manosas. The discrete Markus-Yamabe problem.
Nonlinear Analysis: Theory, Methods & Applications, 35 (1999), no.3. 343-
354

A. van den Essen. Polynomial Automorphisms and the Jacobian Conjecture.

Vol. 190 in Progress in Math., Birkhduser, Basel, (2000)

A. van den Essen. Nilpotent Jacobian Matrices with Independent Rows.

Report 9603, University of Nijmegen, The Netherlands, (1996).

E. Hubbers. The Jacobian Conjecture: Cubic homogeneous maps in Di-
mension Four. Master’s thesis, Univeristy of Nijmegen, The Netherlands,

1994

G. Meisters. Polyomorphisms conjugate to Dilations. pp 67-88 in Automor-
phisms of Affine Spaces, Proceedings of the conference Invertible Polynomial

Maps held in Curacao, July 4-8 1994 , Kluwer Academic Publishers, 1995

C. Olech. On Markus-Yamabe stability conjecture. pp 127-137 in Proc. of
the Intern. Meeting on Ordinary Differential Equations and their Applica-

tions, Univ. of Florence, 1995

14



15

[10] K. Rusek. Polynomial Automorphisms. Preprint 456, Institute of Math-
ematics, Polish Academy of Sciences, IMPAN|, Sniadeckich 8, P.O.Box 137,
00-950, Warsaw, Poland, May 1989.

[11] D. Wright. The Jacobian Conjecture: linear triangularization for cubics in

dimension three. Linear and Multilinear Algebra, 34 (1993), 85-97.



