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BOUNDS OF DIVIDED UNIVERSAL BERNOULLI NUMBERS
AND UNIVERSAL KUMMER CONGRUENCES

ARNOLD ADELBERG, SHAOFANG HONG, AND WENLI REN

(Communicated by Wen-Ching Winnie Li)

Abstract. Let p be a prime. We obtain good bounds for the p-adic sizes of the

coefficients of the divided universal Bernoulli number B̂n
n

when n is divisible
by p − 1. As an application, we give a simple proof of Clarke’s 1989 universal
von Staudt theorem. We also establish the universal Kummer congruences
modulo p for the divided universal Bernoulli numbers for the case (p − 1)|n,
which is a new result.

1. Introduction

There are many beautiful and useful congruences in number theory. Some ex-
amples are Wilson’s theorem, Fermat’s little theorem, Wolstenholme’s theorem,
Lucas’ congruence, Kummer’s congruences, and Glaisher’s congruence, etc. By
using Washington’s p-adic expansion of certain reciprocal power sums of positive
integers [13], Hong [7] obtained a generalization of Glaisher’s congruence. Recently,
Adelberg [3] gave a generalization of Wilson’s theorem while Ren, Hong, and Zhou
[12] generalized Adelberg’s result and hence also extended Wilson’s theorem. In
this paper, our main interest is the universal Kummer congruences.

Let c1, c2, . . . be indeterminates over Q and let

F (t) = t + c1
t2

2
+ c2

t3

3
+ · · · .

Let G(t) = F−1(t) be the compositional formal power series inverse of F (t), namely
F (G(t)) = G(F (t)) = t. The universal Bernoulli numbers B̂n are defined by

(1)
t

G(t)
=

∞∑
n=0

B̂n
tn

n!
.

Evidently we have B̂n ∈ Q[c1, c2, . . . , cn]. Actually B̂n is a non-trivial Q-linear
combination of all the monomials of weight n, where ci has weight i. So B̂n is the
sum of p(n) monomials, where p(n) is the partition function.
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If we substitute ci = (−1)i, then F (t) = log(1 + t) so that G(t) = et − 1, and
we obtain the classical Bernoulli numbers Bn = B̂n. The periodic behavior of the
divided Bernoulli numbers Bn

n is closely related to the existence of a p-adic zeta
function (see [10]). The classical Kummer congruences concern the congruence
relations among the divided Bernoulli numbers Bn

n . Specifically they state that if
p is a prime and (p − 1) � n and n ≡ m (mod p − 1), then Bn

n ≡ Bm

m (mod p).
Clarke [4] showed that the divided universal Bernoulli number B̂n

n is p-integral if
(p − 1) � n which is part of his universal von Staudt theorem. Adelberg [2] set up
the universal Kummer congruences modulo p for the divided universal Bernoulli
numbers B̂n

n when (p − 1) � n. Consequently Adelberg [3] obtained the universal
Kummer congruences modulo powers of p for the case (p − 1) � n. However the
question of the universal Kummer congruences for the divided universal Bernoulli
numbers when (p − 1)|n has not previously been answered.

In the present paper, we investigate the universal Kummer congruence modulo
p for the divided universal Bernoulli numbers for the remaining case (p− 1)|n. We
will first get good bounds for the p-adic valuations of the coefficients of the divided
universal Bernoulli number B̂n

n when n is divisible by p − 1. As an application,
we give a simple proof to Clarke’s 1989 universal von Staudt theorem [4] which
generalized the theorems of Dibag [6], Ray [11], Katz [9], and Hurwitz [8]. Finally
we establish new universal Kummer congruences modulo p for the remaining case
when (p − 1)|n.

2. Critical bounds for the divided universal Bernoulli numbers

We follow the notations of [1]–[3] throughout this paper. If u = (u1, u2, . . . ) ∈
N∞ with ui = 0 if i � 0 and w(u) :=

∑
iui, we identify u with a partition of w(u),

where ui is the number of occurrences of the part i in the partition. If d(u) :=
∑

ui,
then d(u) is the number of parts in the partition. We call w(u) the weight of u and
d(u) the degree of u. If ui = 0 for i > n, we write u ∈ Nn.

As usual, we let v = vp be the normalized p-adic valuation of Q, i.e., v(a) = b
if pb ‖ a. We can extend v to Q[c1, c2, . . . ] by v(

∑
aucu) = min{v(au)} when

u = (u1, . . . , un) ∈ Nn and cu = cu1
1 · · · cun

n . By the Lagrange inversion [1], [4], we
have

(2)
B̂n

n
=

∑
w=n

τucu,

where u = (u1, . . . , un) ∈ Nn, w = w(u), d = d(u), cu = cu1
1 · · · cun

n , γu = 2u1 · · ·
(n + 1)unu1! · · ·un! and

(3) τu =
(−1)d−1(n + d − 2)!

γu
.

The following facts are well known, and we will freely use them: For x, y ∈ Z+,

v((xp)!) = x + v(x!), v((x + y)!) ≥ v(x!) + v(y!), v(x!) =
x − σp(x)

p − 1
,

where σp(x) =
∑a

i=0 xi is the base p digit sum, if x =
∑a

i=0 xip
i, with digits

0 ≤ xi ≤ p − 1.
We will use the explicit formula (2) for B̂n/n in terms of the partitions of n

throughout this paper. The following theorem extends Proposition 3.2 of [3] by
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establishing p-adic estimates of the terms when p is an odd prime and (p−1)|n. The
proof is quite similar, differing only in consideration of the exceptional partitions
that occur when (p − 1)|n.

Theorem 2.1. Let p be an odd prime and suppose w(u) = n and n = (p− 1)s and
up−1 < s. Let e = v(γu) − v((pup−1)!) and n′ = n − (p − 1)up−1. Then

n + d − 2 ≥ (up−1 + e + 1)p

except for the following cases where (up−1 + e + 1)p > n + d − 2 ≥ (up−1 + e)p:
(i) p ≥ 3, up−1 = s − 1, and for 1 ≤ i ≤ p−3

2 , we have ui = up−1−i = 1, or if
i = p−1

2 , we have ui = 2. In these cases, n′ = p − 1 and e = 0.
(ii) p = 3, u2 = s − 4, u8 = 1. In this case, n′ = 8 and e = 2.

Proof. Note that the hypotheses imply that n ≥ n′ ≥ p − 1 since (p − 1)|n′. Let
u′ be the partition such that u′

p−1 = 0 and u′
i = ui if i �= p − 1. Then we have

w(u′) = n′ and v(γu′ ) = e. Let d′ = d(u′). Also n + d− 2 = pup−1 + n′ + d′ − 2, so
replacing u by u′, we can assume that up−1 = 0.

Clearly we now have n + d =
∑n

i=1(i + 1)ui and e =
∑n

i=1 ei, where

(4) ei := v(i + 1)ui + v(ui!),

so ei > 0 only when p|(i + 1) and ui > 0 or ui ≥ p.
Let us consider the p−1

2 exceptional cases in (i), where n′ = p− 1 and d′ = 2. If
i < p−1

2 and j = p − 1 − i, then ei = ej = 0 and (i + 1)ui − 2 ≤ (j + 1)uj − 2 < p,
while if i = p−1

2 , then again ei = 0 and (i+1)ui−2 = p−1 < p. For the exceptional
case (ii) with p = 3, i = 8, ui = 1, ei = 2, we have (i + 1)ui = 9 = (ei + 1)p.

We assert that

(5) (i + 1)ui ≥ (ei + 1)p + 2

for all cases where ei > 0 and i �= p − 1, apart from case (ii) and the exceptional
cases i = 1, ui = p and i = 2p − 1, ui = 1, i.e.,

(6) (i + 1)ui ≥ (v(i + 1)ui + v(ui!) + 1)p + 2

if i �= p − 1 and p|(i + 1) or ui ≥ p, apart from case (ii) and the exceptional cases
i = 1, ui = p and i = 2p− 1, ui = 1. In all these cases we have (i+1)ui = (ei +1)p.

Since the right-hand side of the inequality (6) involves only v(i + 1) rather than
i + 1, it suffices to take i + 1 minimal for given v(i + 1), i.e., we have only to
consider the cases i = 1 and ui ≥ p, i = 2p − 1 and ui ≥ 1, and i = pα − 1 with
α ≥ 2 and ui ≥ 1. In all cases the inequality follows easily using the estimate
v(ui!) ≤ ui−1

p−1 ≤ ui−1
2 . The details follow.

First assume that p � (i+1) and ui ≥ p. If i ≥ 2 and ui = p, inequality (6) holds
since 3p ≥ 2p + 2. If i = 1 and p + 1 ≤ ui < 2p, then inequality (6) holds since
2(p + 1) = 2p + 2. Finally let i = 1 and ui = kp + f where k ≥ 2 and 0 ≤ f < p.
Then it will suffice to prove that 2(kp) ≥ (k + v(k!) + 1)p + 2, which is true since
v(k!) ≤ (k − 1)/2, so k − 1 − v(k!) ≥ 1 if k ≥ 2, and hence p(k − 1 − v(k!)) ≥ 2.
This concludes the case where p � (i + 1).

Second assume that α = v(i + 1) ≥ 1. If α = 1, then let i + 1 = kp. So (6) is
equivalent to kpui ≥ (ui + v(ui!) + 1)p + 2 if k ≥ 2 and ui ≥ 1, except if k = 2 and
ui = 1. But this inequality is equivalent to p((k − 1)ui − 1 − v(ui!)) ≥ 2, which is
true since v(ui!) < (k − 1)ui − 1 if k ≥ 2 and ui ≥ 1 except if k = 2 and ui = 1.
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Consequently, assume that α ≥ 2. As previously noted, it suffices to take i =
pα − 1, and (6) is then equivalent to p((pα−1 − α)ui − 1 − v(ui!)) ≥ 2, which is
true if α ≥ 2, and ui ≥ 1 with the single exception α = 2, p = 3, and ui = 1.
Since pα−1 − α = 1 if p = 3 and α = 2, and in all other cases pα−1 − α > 1, so
v(ui!) < (pα−1 − α)ui − 1 and hence (6) holds as specified.

Finally if ui ≥ 1, then (i+1)ui ≥ 2, while if (i+1)ui ≥ (ei +1)p and (j +1)uj ≥
(ej + 1)p, then (i + 1)ui + (j + 1)uj ≥ (ei + ej + 1)p + p ≥ (ei + ej + 1)p + 2. Since
up−1 < s, there exists an i �= p − 1 such that ui ≥ 1. If e = 0, then as previously
noted, since n ≥ p− 1, we have n + d− 2 ≥ (e + 1)p except n = p− 1, d = 2, which
is case (i). Since (p− 1)|n′, the desired inequality of the theorem for n + d− 2 now
follows by adding the “local” inequalities for each part i separately.

The proof of Theorem 2.1 is complete. �

Theorem 2.2. Suppose p is an odd prime and w(u) = n and n = s(p − 1) and
up−1 < s. Then we have

(i) v(τu) ≥ 1 except for case (i) of Theorem 2.1 and except for case (ii) of
Theorem 2.1 if s ≡ 1 (mod 3);

(ii) v(τu) = 0 in case (i) of Theorem 2.1 and case (ii) of Theorem 2.1 if s ≡ 1
(mod 3).

Proof. With the same notation as in Theorem 2.1, if n + d − 2 ≥ (up−1 + e + 1)p,
then v((n + d − 2)!) ≥ v(((up−1 + e + 1)p)!) ≥ v((pup−1)!) + e + 1. So v(τu) ≥ 1.

Now we consider the exceptions of Theorem 2.1: (i) If p ≥ 3, up−1 = s − 1, and
d′ = 2, then n + d− 2 = sp− 1, so v((n + d− 2)!) = v((sp− 1)!) = v(((s− 1)p)!) =
s − 1 + v((s − 1)!) = v(γu) and v(τu) = 0.

For case (ii) with p = 3, we have d = s − 3 so n + d − 2 = 3s − 5 and

v(τu) = v

(
(3s − 5)!

(s − 4)!3s−432

)

= v((s − 2)(s − 3)) + v((3s − 5)(3s − 7)(3s − 8)(3s − 10)(3s − 11)),

so v(τu) = 0 if s ≡ 1 (mod 3) and otherwise v(τu) > 0. Hence Theorem 2.2 is
proved. �

For any positive odd integer a, we define the double factorial a!! of a by a!! :=∏
1≤k≤a,(2,k)=1 k. That is, a!! = a · (a − 2) · . . . · 3 · 1.

Theorem 2.3. Let p = 2 and w(u) = n. Then v(τu) > 0 apart from the following
exceptions:

(i) If u1 = n, then v(τu) = −(1 + v(n)).
(ii) If n ≥ 3 and u1 = n − 3, u3 = 1, then v(τu) = −1 if n is odd, and v(τu) = 0

if 4|n.
(iii) If n ≥ 6 and u1 = n − 6, u3 = 2, then v(τu) = −1 if n ≡ 2 (mod 4), and

v(τu) = 0 if 8|n.
(iv) If n ≥ 12 and u1 = n − 12, u3 = 4, then v(τu) = 0 if n ≡ 4 (mod 8).
(v) If n ≥ 2 and u1 = n − 2, u2 = 1, then v(τu) = 0.

Proof. First note that v(((i + 1)ui)!) = ei holds for i = 1, where ei is defined as
in (4). Now let i > 1 and i + 1 = r2α with r odd. Then ei = αui + v(ui!). Using
v((2αui)!) = (2α − 1)ui + v(ui!), which can easily be proved by induction on α,
since 2α − 1 ≥ α, it follows easily that v(((i + 1)ui)!) ≥ ei, and if r > 1 and ui > 0,
then v(((i + 1)ui − 2)!) ≥ ei + 1, unless i = 2 and ui = 1.
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We next show that apart from the exceptional cases involved in (i)–(v), if ui > 0,
then we have

(7) v(((i + 1)ui − 2)!) ≥ ei + 1.

First consider the case α = 0, so i + 1 = r ≥ 3. Then rui − 2 ≥ ui + 2 unless
r = 3, ui = 1, whence v((rui − 2)!) ≥ v(ui!) + 1 = ei + 1 apart from exceptional
case (v), verifying (7) in this case.

Next assume α > 0. By the above result we may let r = 1. Then v((2αui−2)!) =
2α−1ui − 1 + v((2α−1ui − 1)!). If α > 3, then 2α−1 > α + 1 and 2α−1ui − 1 ≥ 2.
Thus v((2αui − 2)!) > (α + 1)ui ≥ ei + 1 since ui ≥ v(ui!) + 1. If α = 3, then
v((2αui−2)!) = 4ui−1+v((4ui−1)!) = 4ui−1+2ui−1+v((2ui−1)!) ≥ 4ui ≥ ei+1,
which verifies (7).

Finally assume α = 2 and i = 3. Then v((4ui − 2)!) = 2ui − 1 + v((2ui − 1)!) =
2ui − 1 + ui − 1 + v((ui − 1)!) ≥ 3ui ≥ 2ui + v(ui!) + 1 if ui ≥ 5, while if ui = 3,
then v((4ui − 2)!) = v(10!) = 8 = ei + 1. So (7) is true in this case.

Since we noted above that (7) holds whenever r ≥ 3, we have established (7) for
all but cases (i)–(v). If u2 = 1 and u3 > 0, then (2+ 1)u2 + (3+ 1)u3 − 2 = 4u3 + 1
and v((4u3)!) = 2u3 + u3 + v((u3)!) ≥ e2 + e3 + 1. Since v((

∑
aj)!) ≥

∑
v(aj !),

we then deduce v(τu) > 0. Similarly if a term τu is different from the exceptional
cases in (i)–(v), then by (7) we have v(τu) > 0. Thus we have only to consider the
exceptional cases.

For case (i), we have

τu = (−1)n−1 (2n − 2)!
2nn!

= (−1)n−1 1
2n

(2n − 2)!
2n−1(n − 1)!

= (−1)n−1 (2n − 3)!!
2n

.

Hence v(τu) = −(1 + v(n)).
For case (ii), we have

τu = (−1)n−1 (2n − 4)!
2n−3(n − 3)!22

= (−1)n−1 (n − 2)(2n − 5)!!
2

.

Thus v(τu) = −1 if n is odd, v(τu) = 0 if 4|n, and v(τu) > 0 if n ≡ 2 (mod 4).
For case (iii), we have

τu = (−1)n−1 (2n − 6)!
2n−6(n − 6)!25

= (−1)n−1 (n − 3)(n − 4)(n − 5)(2n − 7)!!
22

.

Therefore v(τu) > 0 if n is odd or n ≡ 4 (mod 8), while if n ≡ 2 (mod 4), then
v(τu) = −1, and if 8|n, then v(τu) = 0.

For case (iv), we have

τu = (−1)n−1 (2n − 10)!
2n−12(n − 12)!211

= (−1)n−1 (2n − 11)!!
∏11

i=5(n − i)
24

.

Thus if n ≡ 4 (mod 8), then v(τu) = 0, and otherwise v(τu) > 0.
For case (v), we have

τu = (−1)n (2n − 3)!
2n−2(n − 2)!3

= (−1)n (2n − 3)!!
3

.

Therefore v(τu) = 0. This completes the proof of Theorem 2.3. �
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3. A simple proof of Clarke’s universal von Staudt theorem

In this section, we provide a simple proof to Clarke’s universal von Staudt theo-
rem. In order to state Clarke’s congruence, we recall the defined numerical function
z(p, n) introduced in [4] which will also be used in the statements of our universal
Kummer congruence in the next section. Let p be a prime and n a natural number
divisible by p− 1. So we may let n = pN (p− 1)k, where p does not divide k. Then
z(p, n) is determined modulo pN+1 as follows: If p = 2 and N = 1, then z(2, n) ≡ −k
(mod 4), otherwise z(p, n) is the multiplicative inverse of k modulo pN+1 so that
kz(p, n) ≡ 1 (mod pN+1). We first need a preliminary number-theoretic result from
[4].

Lemma 3.1 ([4, Proposition 2]). If p is an odd prime and a is divisible by pN

with N ≥ 0, then (pa)!
paa! ≡ (−1)a (mod pN+1). If a is odd, then (2a)!

2aa! is odd. If

a ≡ 2 (mod 4), then (2a)!
2aa! ≡ −1 (mod 4). If a is divisible by 2N with N ≥ 2, then

(2a)!
2aa! ≡ 1 (mod 2N+1).

The above result has recently been strengthened by Clarke and Jones [5]. Using
a different method from [5], we will strengthen the assertions for p = 2 in the next
section.

Theorem 3.1 ([4, Theorem 5]). If n is divisible by 4, then we have

B̂n

n
≡

∑
n=s(p−1)
p prime

z(p, n)
p1+v(n)

cs
p−1 (mod Z[c1, c2, . . . ]).

If n is congruent to 2 mod 4 and greater than 2, then we have

B̂n

n
≡ cn−6

1 c2
3

2
+

∑
n=s(p−1)
p prime

z(p, n)
p1+v(n)

cs
p−1 (mod Z[c1, c2, . . . ]).

If n is odd and greater than 1, then we have

B̂n

n
≡ cn

1 + cn−3
1 c3

2
(mod Z[c1, c2, . . . ]).

Proof. By (2), to prove Theorem 3.1, it is sufficient to show that each of the fol-
lowing is true:

(i) If p is prime and n = s(p − 1) and up−1 = n
p−1 = s, then τu ≡ z(p,n)

p1+v(n)

(mod Z).
(ii) If n ≡ 2 (mod 4) and n > 2 and u1 = n − 6, u3 = 2, then τu ≡ 1

2 (mod Z).
(iii) If n is odd and n > 1 and u1 = n − 3, u3 = 1, then τu ≡ 1

2 (mod Z).
(iv) For every other monomial, τu is an integer.
If p is odd and v(n) = N , or p = 2 and N > 2, then (i) is equivalent to

npτu ≡ p − 1 (mod pN+1). But npτu = (−1)s−1(sp)!(p−1)
(sp−1)pss! , so that Lemma 3.1 gives

the required result.
If p = 2 and N = 1, then (i) is also equivalent to npτu ≡ p − 1 (mod pN+1),

namely (−1)s−1(sp)!(p−1)
(sp−1)pss! ≡ p − 1 (mod pN+1), i.e., 4kτu = (−1)2k−1(4k−2)!4k

22k(2k)!
≡ 1

(mod 4). But by Lemma 3.1, the latter is clearly true. Thus part (i) is proved.
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Parts (ii) and (iii) follow from Theorem 2.3. Part (iv) follows from the local
estimates given in Theorem 2.1, or in Proposition 3.2 of [3], which are independent
of the assumptions (p−1) � n or (p−1)|n. The proof of Theorem 3.1 is complete. �

4. Universal Kummer congruences

Adelberg [2] discussed the universal Kummer congruences modulo p for the di-
vided universal Bernoulli numbers when (p − 1) � n. In this section, we establish
the following universal Kummer congruences modulo p for the case (p−1)|n, which
is a new result.

If (p − 1)up−1 = n, then we define z(p, n) ≡ p1+v(n)τu (mod p2+v(n)). Equiva-
lently, if n = s(p − 1) with s = kpN and p � k, then we define z(p, n) (mod pN+2)
to be such that

z(p, n) ≡ (−1)s−1 (sp − 2)!pN+1

s!ps
≡ (−1)s (sp)!

s!psk(1 − kpN+1)
(mod pN+2),

which extends the mod pN+1 definition. We first give the universal Kummer con-
gruences modulo an odd prime p.

Theorem 4.1. Let p be an odd prime and let n = s(p − 1). Then the following
hold.

(i) If p ≥ 5, then

B̂n

n
≡ z(p, n)

p1+v(n)
cs
p−1+

(
2c2

p−1
2
−

(p−3)/2∑
i=1

1
i(i + 1)

cicp−1−i

)
cs−1
p−1 (mod pZp[c1, . . . , cn]).

(ii) If p = 3 and n ≥ 8, then

B̂n

n
≡ z(3, n)

31+v(n)
cs
2 + 2c2

1c
s−1
2 + s(s − 2)c

n−8
2

2 c8 (mod 3Z3[c1, . . . , cn]).

If p = 3 and n < 8, delete the c8 term in the congruence.

Proof. By Theorem 2.2, we have only to consider the term τu when up−1 = s and
the exceptional terms of Theorem 2.1.

If up−1 = s, then z(p,n)
p1+v(n) ≡ τu (mod p) by definition.

For the exceptional case where up−1 = s − 1 and u p−1
2

= 2, we have

τu = (−1)s (sp − 1)!
(s − 1)!2!ps−1(p+1

2 )2
≡ 2 (mod p).

For the exceptional case where up−1 = s − 1 and ui = up−1−i = 1, we have

τu = (−1)s (sp − 1)!
(s − 1)!ps−1(i + 1)(p − 1 − i + 1)

≡ − 1
i(i + 1)

(mod p).

Finally if p = 3 and u2 = s − 4, u8 = 1, then

τu = (−1)s (3s − 5)!
3s−4(s − 4)!32

≡ (s − 2)(s − 3)(3s − 5)(3s − 7)(3s − 8)(3s − 10)(3s − 11)
≡ s(s − 2) (mod 3).

Thus if s ≡ 1 (mod 3), then τu ≡ 2 (mod 3). So Theorem 4.1 is proved. �

To illustrate Theorem 4.1, we give an example as follows.
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Example 4.1. By (2) and some computations we obtain the following congruences:

B̂4

4
≡ 2c1c3 −

4
3
c2
2 +

6
5
c4 (mod 5),

B̂8

8
≡ 2c1c3c4 + 2c2

2c4 −
7
5
c2
4 (mod 5),

B̂12

12
≡ 2c1c3c

2
4 + 2c2

2c
2
4 −

3
5
c3
4 (mod 5),

B̂16

16
≡ 2c1c3c

3
4 + 2c2

2c
3
4 −

1
5
c4
4 (mod 5),

B̂6

6
≡ 3c1c5 + c2c4 + 2c2

3 +
22
7

c6 (mod 7),

B̂12

12
≡ 3c1c5c6 + c2c4c6 + 2c2

3c6 −
3
7
c2
6 (mod 7),

B̂18

18
≡ 3c1c5c

2
6 + c2c4c

2
6 + 2c2

3c
2
6 +

5
7
c3
6 (mod 7),

B̂8

8
≡ 2c2

1c
3
2 + 2c8 −

2
3
c4
2 (mod 3),

B̂14

14
≡ 2c2

1c
6
2 + 2c3

2c8 +
4
3
c7
2 (mod 3),

B̂20

20
≡ 2c2

1c
9
2 + 2c6

2c8 +
1
3
c10
2 (mod 3),

B̂2

2
≡ −1

4
c2
1 +

1
3
c2 (mod 3),

B̂4

4
≡ 2c2

1c
1
2 −

4
3
c2
2 (mod 3),

B̂6

6
≡ 2c2

1c
2
2 +

10
9

c3
2 (mod 3).

where we use mod p to abbreviate mod pZp[c1, c2, . . . ] for a prime p.

Lemma 4.1. (i) If k is odd, then (2k − 1)!! ≡ (−1)
k−1
2 (mod 4).

(ii) If k ≥ 1, then (4k − 3)!! ≡ (−1)k−1 (mod 16).
(iii) If k ≥ 1 and N ≥ 3, then (k2N − 3)!! ≡ −1 (mod 2N+1).

Proof. The proofs of parts (i) and (ii) are standard arguments using inductions on
k and we here omit the details of the proofs.

For part (iii), the base case k = 1 is non-trivial. Let N ≥ 3 and k = 1. Let
S = {3, 5, . . . , 2N − 3}. Then |S| = 2N−1 − 2 is congruent to 2 modulo 4. If a ∈ S,
there is a unique b ∈ S satisfying ab ≡ 1 or ab ≡ −1 (mod 2N+1) and b �= a (b �= a
since S contains no elements mod 2N+1 of order 2 and a2 ≡ 1 (mod 4)). If 1/a �∈ S,
then 1

a ∈ −S and b = − 1
a ∈ S, where the operations are taken and mod 2N+1.

Partition the 2-element subsets {a, b} where b = −1/a into pairs by grouping
{a, b} and {2N − a, 2N − b}. These two sets are distinct except when {a, b} =
{2N−1 − 1, 2N−1 + 1} since a2 ≡ 1(mod 2N ) if and only if a = 2N−1 ± 1. Thus the
number of these sets is odd, and

∏
x∈S x ≡ −1 (mod 2N+1). So part (iii) is true

for the case k = 1.
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Now consider the general case. We may let k ≥ 2. Since |S| is even and the
elements in S are odd, we deduce that for 1 ≤ l ≤ k − 1,∏

x∈S

(x + l2N ) ≡
∏
x∈S

x (mod 2N+1).

Since (j2N + 1)(j2N − 1) ≡ −1 (mod 2N+1) for 1 ≤ j ≤ k − 1, we have

(k2N − 3)!! =
k−1∏
l=0

∏
x∈S

(x + l2N )
k−1∏
j=1

(j2N + 1)(j2N − 1)

≡ (−1)k(−1)k−1 = −1 (mod 2N+1).

Thus part (iii) is proved, which ends the proof of Lemma 4.1. �

Since (2a)!
2aa! = (2a − 1)!!, we can now strengthen Lemma 3.1 for p = 2 as follows.

Corollary 4.1. (i) If a is odd, then (2a)!
2aa! ≡ (−1)

a−1
2 (mod 4).

(ii) If a = 2k with k odd, then (2a)!
2aa! ≡ 4k−1 (mod 16), and consequently (2a)!

2aa! ≡ 3
(mod 8).

(iii) If a = k2N with k odd and N ≥ 2, then (2a)!
2aa! ≡ 1 − 2N+1 (mod 2N+2).

We can use the preceding congruences to prove explicit congruences for z(2, n)
(mod 2N+2).

Lemma 4.2. Let n = k2N with k odd. Then each of the following is true.
(i) If N = 0 (i.e., n is odd), then z(2, n) ≡ 1 (mod 4).
(ii) If N = 1 (i.e., n ≡ 2 (mod 4)), then z(2, n) ≡ − 1

k (mod 8).
(iii) If N > 1 (i.e., 4|n), then z(2, n) ≡ 1

k (mod 2N+2).

Proof. First we have

z(2, n) ≡ 2N+1(−1)n−1(2n−2)!
2nn! = (−1)n−1(2n−2)!

k2n−1(n−1)!

= (−1)n−1(2n−3)!!
k (mod 2N+2).

So for case (i), noting that 2k − 1 ≡ 1 (mod 4), Lemma 4.1(i) gives us

z(2, n) ≡ (−1)k−1(−1)
k−1
2 · 1

k
≡ 1 (mod 4).

For case (ii), by Lemma 4.1(ii) we get

z(2, n) ≡ (−1)n−1

k
(4k − 3)!! ≡ −1

k
(−1)k−1 ≡ −1

k
(mod 8).

For case (iii), by Lemma 4.1(iii) we get

z(2, n) ≡ (−1)n−1

k
(k2N+1 − 3)!! ≡ (−1

k
)(−1) ≡ 1

k
(mod 2N+2)

as desired. So Lemma 4.2 is proved. �

We can now prove the following explicit mod 2 universal Kummer congruences.

Theorem 4.2. Let p = 2 and n = k2N with k odd. Then we have the following.
(i) If n ≥ 3 and N = 0 (i.e., n is odd), then

B̂n

n
≡ 1

2
(cn

1 + cn−3
1 c3) + cn−2

1 c2 (mod 2Z2[c1, . . . , cn]).



70 ARNOLD ADELBERG, SHAOFANG HONG, AND WENLI REN

(ii) If n ≥ 6 and N = 1 (i.e., n ≡ 2 (mod 4)), then

B̂n

n
≡ − 1

4k
cn
1 +

(−1)
n−2

4

2
cn−6
1 c2

3 + cn−2
1 c2(mod 2Z2[c1, . . . , cn]).

(iii) If n ≥ 12 and N > 1 (i.e., 4|n), then

B̂n

n
≡ 1

2N+1k
cn
1 + cn−3

1 c3 +
(

n

4
− 1

)
cn−6
1 c2

3 +
n

4
cn−12
1 c4

3 + cn−2
1 c2

(mod 2Z2[c1, . . . , cn]).

If n = 1 in (i), 2 in (ii), or 4 or 8 in (iii), delete from the congruence all terms
containing cj

1 with j < 0.

Proof. Since z(2,n)
2N+1 ≡ τu (mod 2) if u1 = n, by Lemmas 4.1 and 4.2 and Theorem

2.3, it is sufficient to verify the congruences in the two cases where u1 < n and
v(τu) = −1, namely

(I) n is odd and u1 = n − 3, u3 = 1, and
(II) n ≡ 2 (mod 4) and u1 = n − 6, u3 = 2.
For case (I), we have seen in the proof of Theorem 2.3 that

2τu = (−1)n−1(n − 2)(2n − 5)!!,

so by Lemma 4.1 we have for n odd, 2τu ≡ (n − 2)(−1)
n−3

2 ≡ 1 (mod 4).
Finally, for the exceptional case (II), we proved that

2τu = (−1)n−1(n − 3)(n − 4)(n − 5)(2n − 7)!!/2,

so if n = 2k with k odd, then 2τu = −(2k − 3)(k − 2)(2k − 5)(4k − 7)!!. Therefore
by Lemma 4.1(ii) we have

2τu ≡ −(−1)(k − 2)(−3)(−1)k ≡ 2 − k ≡ (−1)
k−1
2 (mod 4).

The proof of Theorem 4.2 is complete. �
Example 4.2. We have the following congruences modulo 2Z2[c1, c2, . . . ]:

B̂4

4
≡ 1

8
c4
1 + c2

1c2 + c1c3,
B̂5

5
≡ 1

2
c5
1 + c3

1c2 +
1
2
c2
1c3,

B̂6

6
≡ 5

4
c6
1 + c4

1c2 −
1
2
c2
3,

B̂7

7
≡ 1

2
c7
1 + c5

1c2 +
1
2
c4
1c3,

B̂8

8
≡ 1

16
c8
1 + c6

1c2 + c5
1c3 + c2

1c
2
3,

B̂9

9
≡ 1

2
(c9

1 + c6
1c3) + c7

1c2,

B̂10

10
≡ − 1

20
c10
1 +

1
2
c4
1c

2
3 + c8

1c2,
B̂12

12
≡ 1

24
c12
1 + c9

1c3 + c4
3 + c10

1 c2.

Finally we give some non-trivial applications of the mod p universal Kummer
congruences when (p−1)|n to the classical Bernoulli numbers Bn (where ci = (−1)i

and cu = (−1)w(u)). If z(p, n) is defined as above, using the telescoping property
for

∑
1

i(i+1) =
∑

( 1
i −

1
i+1 ), we then obtain the following result.

Corollary 4.2. Let n be a positive integer and p a prime such that (p−1)|n. Then
we have the following.

(i) If p ≥ 5, then

(8)
Bn

n
≡ z(p, n)

p1+v(n)
− 1 (mod p).
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(ii) If p = 3, then the congruence is the same as (8), except that if n ≥ 8 and
n ≡ 2 (mod 6), then

(9)
Bn

n
≡ z(3, n)

31+v(n)
+ 1 (mod 3).

(iii) If p = 2, then the congruences are trivial if n is odd. If n ≥ 8 and 4|n, then
we have the same congruence (8), namely

(10)
Bn

n
≡ 1

2n
− 1 (mod 2).

If n ≥ 6 and n ≡ 2 (mod 4), then we have

(11)
Bn

n
≡ − 1

2n
− 1 +

(−1)
n−2

4

2
(mod 2).
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